A wave-acoustics theory has been developed to describe the propagation of zero sound parallel to vortex lines in rotating 'He-A. We show that a diffraction "shadow" is formed in which the wave amplitude is suppressed by interference around vortices. This phenomenon contributes to the experimentally observed effect of rotation on the sound amplitude and exceeds the attenuation at large core radii. The dependence of the diffraction contribution on the angular velocity changes drastically at the transition from vortices with a finite core to coreless vortices when the magnetic field is decreased to zero. We derive conditions for the applicability of the effective-medium theory and the classical geometrical acoustic method in describing sound propagation along vortices.
I. INTRODUCTION 
II. EXPERIMENT
Ultrasonics is helpful for studying order-parameter collective modes' in the superfluid phases of He and structures of vortices in the rotating superAuid. For interpretation of experiments, an effective-medium approach, with parameters of the fIuid averaged over the periodical vortex array or, alternatively, a geometrical acoustics method have been used. Our paper develops an acoustic wave theory for interpretation of ultrasonic experiments in rotating He-A. We consider the phenomenon of sound wave diffraction around vortex cores, and explain the observed drastic change in the character of u1trasound propagation along vortices when the magnetic field is decreased to zero. Our theory provides another length scale (diffraction length d) for sound propagation, which is important when it is larger than the size of the vortex core.
A remarkable property of He-A is the possibility of coreless vortices in which V X v, is not confined to a core of definite size, unlike in He II or in He-8. In contrast to vortices with a hard (coherence length go=10 cm) or a soft (magnetic length gH ) 10 cm) core, there is, in this case, no length scale besides the size of the vortex cell (vortex lattice constant b =10 cm). This structure may exist only in very low magnetic fields: H ((Hd, where Hd--3 mT is the dipolar field. Especially such a vortex can expand over the whole vessel in the limit H~0. In a rotating Quid, when the vortex density is fixed by the solid-body rotation condition, each coreless vortex occupies the whole cell in the vortex array. In the waveacoustic theory presented here, we discuss diffraction of sound by vortices with and without a core, and show that ultrasound is a suitable probe to detect the coreless vortex. In fact, we have experimentally observed the continuous crossover between the two types of vortices in low magnetic fields.
Our experimental setup has been described in detail elsewhere.
The sound cell consists of two X-cut quartz crystals, L =4 mm apart, and the cylindrical volume between them has a diameter of 6 mm. Pulses of ultrasound at odd harmonic frequencies of 8.9 MHz, 12 psec long, were transmitted parallel to the magnetic field H and the axis of rotation Q. The propagation of ultrasound along H in liquid at rest provides a convenient reference level for the received signal in a rotating Quid. When H »Hd, I is normal to H everywhere in the cell. Any deviation from this "planar" texture contributes to the sound signal, and thus provides a probe for studies of the vortex structure. Figure 1 depicts the dependence of the received sound amplitude on the angular velocity 0 in various magnetic fields and for two frequencies, f =26.8 and 44.7 MHz. Our procedure to obtain the data was as follows: Initially, a magnetic field Ho »Hd was applied to determine the amplitude At~exp( ajL). The field was then swept from Ho to the value H of Fig. 1 . Next the He sample was accelerated to the desired 0 and the sound amplitude A(Q) in the equilibrium rotation state was recorded. Figure   1 shows the relative change -6 A /A: --[A(Q) -At]/Az, which is a function of Q and H. We use amplitude A (0) rather than attenuation a(Q) in the analysis of the data, since in general the signal A, directly calculated in our theory and measured in an experiment, cannot be presented by just one attenuation parameter a in the form exp( -ctL).
The main feature of Fig. 1 is the smooth evolution of the 0 dependence of -4A/A~with decreasing field. When H &Hd, -AA /A~i ncreases linearly with 0 at smail 0, whereas when H =0, -6 A /A~has a nonzero value at all 0, and depends only weakly on Q. This indicates evolution of the I texture: in large fields, the varia- 2(a) and 2(b), respectively, as functions of 8, where co~i s the zero sound velocity in the normal Fermi-liquid phase.
The MH texture corresponds to 0=0 at the center and 8=m. /2 at the perimeter of the chamber. In rotating He the sound velocity c(r) and attenuation u(r) are periodic functions of the position r, since the direction of I varies periodically on the xy plane.
In the effective-medium approach the wave propagating along the rotation axis (the z axis) is assumed to be a plane wave over the whole sound cell. Then the relative change of the signal is given by hA = lexp( aL )-, Aj where the attenuation parameter a taking into account the effect of vortices is calculated by averaging the attenuation a over the unit cell of the vortex lattice: 4 0.6 04 '' ,0 ',, 
The factor exp( ajL) determines attenuation of the plane wave in the perpendicular l texture as well and it cancels out when we derive the expression for the relative signalb, A/Aj. At a low rotation velocity (r, «b), where the ray is emitted, ko=co/co is the magnitude of the wave vector of the plane wave propagating in the fluid at rest with sound velocity co, and bc(r) =c(r)co.
Since q is of the order of the inverse of the diffraction length d which is -QL /ko, as will be discussed in Sec.
V, one may use the quasiclassical theory if r2 '2
kpL cp But the procedure employed in Ref. 2 did not take into account all classical rays coming to a point on the receiver plane, but only the extremal ones which were emitted normally by the transmitter plane. In fact, trajectories from the area of the transmitter plane within a scale =(Idq/drI) 'i contribute to the signal at a point on the receiver. It is possible to restrict oneself to the extremal trajectories when this scale is smaller than the scale r, over which the medium parameters vary considerably. This gives the inequality 2 Ac co 1 )) r, k L a=8,a(r, /b ), where b, a is the difference of the attenuation inside and outside of the core, r, is the core radius, and b is the lattice constant which is of the order of the intervortex distance. At a high rotation velocity when the vortex core occupies most of the unit cell (b -r, ) a is of order Aa. However, one cannot expect that such a simple approach is always valid since deviations of the wave front from a plane develop when sound propagates from the transmitter to the receiver.
In order to include the effect of deviation from a plane wave, the geometrical acoustics methods were used in the preliminary analysis of our ultrasonic experiments.
In such a picture the phenomenon of diffraction manifests itself as interference of different rays at points in the receiver plane. The rays have been determined from the wave equation for the sound pressure p (attenuation is neglected):
To determine the regime where this method is valid, one may impose the standard condition d X/dr « 1: the wavelength A, must not vary considerably over a distance of order A, . However, an important feature of our geometry is that the wavelength which satisfies this condition is determined, not by the wave-number component k, along the rotation axis, but by the wave number q=Qco /c(r)k, on the xy plane. Therefore, the requirement for the validity of geometrical acoustics is Idq/dr I «q . This is because the parameters of the medium vary only across the xy plane. For the rays emitted normally to the transmitter plane k, = co/c(ro) and
One cannot satisfy both conditions, Eqs. (7) and (S), unless the core radius r, exceeds the diffraction length d. All shortcomings of the aforementioned simple approaches have prompted us to undertake a more general analysis of the problem as presented below.
IV. WAVE ACOUSTICS IN VORTEX ARRAYS
When a wave is propagating along the rotation axis (the z axis), it is natural to look for a solution of the wave equation as a sum over the Bloch functions in the center of the Brillouin zone of the vortex lattice. We thus write for the sound pressure p at frequency f =co/2n.
After substitution of Eq. (9) into the wave equation, Eq.
(5), one sees that the functions f"(r), periodic on the xy plane, are solutions of equations
is smallest when the sound velocity is at its minimum.
The solution of Eq. (11}for a wave propagating over a chamber of length L is obtained as follows: The transmitter at z =0 sends a plane wave, which means, assuming unit strength for the emitted wave, that the amplitudes A"of harmonics are the coeScients of the expansion for unity. If f"(r) are orthonormalized, then 1= g A"f"(r} 
Here integration is carried over the area S of the unit vortex cell. The receiver at z=L detects a signal averaged over this plane. The averaged pressure p at the receiver [the ratio of the averaged pressure to the pressure exp(ikoL isn't ) of the plane wave in the fluid at rest] is Here V is spatial gradient on the xy-plane, q"=kp -E".
The eigenvalues q"are determined by periodic boundary conditions for the unit cell of the vortex lattice. The periodic perturbation in Eq. (10) is due to the two last terms on the left-hand side. However, the first of them will be neglected here since its effect is proportional to the parameter (b /cc )o(1/q"r, ), which is small for cases under consideration. Equation (10) is then similar to the equation of a quantum particle in the field produced by the space variation of the sound velocity, viz. , 
ic. However, keeping only n =0 in the sum causes no effect other than some variation in the phase of the received signal, the amplitude remaining the same as for the fluid at rest. But the signals from different harmonics arrive at the receiver with different phases, and the interference between them may result in a variation hA of the signal amplitude. In order to find the weight of the harmonics for n & 0 in the sum, Eq. (15), the asymptotic expressions of the Bessel functions at large arguments qb were used to calculate A". We thus obtain n'U r,
2q"b [2q"' r, ln(1/q"r, )] +(n Ur, )2
For small Q (large b) the amplitude variation is proportional to 0 and is determined by the amplitudes of higher harmonics. The sum of these contributions is well estimated by the integral over q"=n.n /b:
Here~= vh /2m 3 is the circulation per unit cell, where v is the number of circulation quanta, and m3 is the mass of a He atom. Only axisymmetric harmonics should be taken into account, and n is a radial "quantum number. "
For vortices with a core it is assumed that the variation of the sound velocity is restricted to the core region, whose radius is considered as r, . A steplike simple model may be used: c(r)=co for r &r"and c(r)=co+bc for r &r, where hc is a constant. The harmonics are then given by the zeroth-order Bessel functions:
D"JO(q'"r ) for r & r, f"(r)~' (18) Jo(q"r )+B"Yo(q"r) for r & r, .
Here q"' =q"-U=q"-2(bc/co)kc. The factors D"and S"are determined from the conditions of continuity of f"(r) and f"'(r) at r=r, . Using expansions of Bessel functions at small arguments q"'r, and q"r, one obtains Ur, 2[2q"' r, ln(1/q"r, )] 2q"r, ln(1/q"r, ) 2q"' r, ln(1/q"r, )
The eigenvalues q"can be determined from the condi- 
(r, lb)v'U for ln(blr, ) «2IUr, .
We then find that p0=1. Together with the sum rule g"p"=1, this means that the total weight of the higher harmonics is rather small and, therefore, that the energy of the sound wave is carried mostly by the basic harmon- 
The impenetrable-core model is valid both for repulsive (bc & 0) and for attractive (hc &0) potentials in the core.
In the latter case, lU is the characteristic linear dimension of the localized state which corresponds to the lowest harmonic, but its contribution is not important compared to that of continuum states when the impenetrable-core model is valid. In the opposite limit of a weak core potential, when q =Qko/L exceeds 1 llU, the contribution of rotation to the signal amplitude is The calculated decrease of amplitude was obtained without including attenuation terms in the wave equation, and it results only from interference of a large number of harmonics at the receiver. This phenomenon may be considered as diffraction of the sound wave by the cylindrical vortex core. A more detailed analysis of the signal distribution over the receiver at z =L shows that a shadow, or a diffraction region with a characteristic linear dimension d =QL /ko -10 cm arises around the core, where the signal is suppressed, down to zero for the impenetrable core. It is natural to expect that the signal variation will be proportional to 0 as long as the diffraction regions of vortices do not overlap, i.e. , when b )&d. At small b~d, the distance between eigenvalues, q"+,q"=~/b becomes larger than a typical q=d ' determining the diffraction effect, causing the integral approximation of the sum to become poor. In the limit b «d, the whole sum is reduced to the first term and diffraction disappears. It is thus expected that at b~d the amplitude variation -6 A /A~vs 0 deviates from a straight line with a constant slope and drops to zero after a few oscillations. One should remember, however, that we have discussed the variation of the signal due to diffraction only, having neglected attenuation in the bulk liquid. In the case of pure diffraction, the energy carried by the sound wave is not lost in the bulk, but is distributed among numerous interfering harmonics leading to nonvanishing -6 A /A~. Concluding this section, we refer to Table I where then differs from the result of the efFective-medium theory by the factor in the large parentheses which becomes small for the strong core potential. This suppression occurs as long as b exceeds lU. Attenuation is taken into account assuming that it does not influence the form of the harmonics f"essentially.
We expect a to be weak if its contribution to the sound wave spectrum, co =c (k 2ik ba-),
is small, i.e. , if ba «k =ko. However, in our geometry the wave propagates normally to the plane at which the parameters of the liquid vary. Therefore, a stronger condition is necessary to neglect the attenuation when solving the two-dimensional wave equation on the xy plane for the harmonics f": the attenuation contribution, proportional to hako, must be small compared to the potential U. Together with Eq. (12) this gives an inequality effective-medium theory (see Sec. II). On the other hand, if the core potential is strong (d » IU), the sound wave inside is strongly suppressed (it is repelled from the core), attenuation in the core affects the signal only marginally, and its effect vanishes altogether in the limit of the impenetrable core (lU -+0). The basic harmonic attenuation VI. ATTENUATION IN WAVE ACOUSTICS ha «(Ac/co)ko .
(29}
In the wave-acoustic theory presented here sound attenuation in the bulk liquid may be included by introducing the factor exp( a"L) for each harmonic in the sum of Eq. (15) where a"= f [a(r) -a~]~f"(r)~d S (26} takes into account the effect of vortices. The most important term is ao since the weight of the basic harmonic considerably exceeds the weights of the higher components. When the potential inside the core is weak (d « lU), the basic harmonic fo is nearly constant over the xy plane and the attenuation parameter ao coincides with the attenuation parameter a = b ar, /b of the If this condition is not valid one should include the attenuation terms when solving the equations for harmonics. But then one must deal with a problem of the wave equation with a complex-valued potential.
In Fig. 3 the dependence of the signal on the angular velocity 0 is shown for different attenuation parameters.
The curves have been calculated numerically on the basis of the simplified core-structure model given above, but the other approximations of the solutions were not made.
The analytical expressions for the strong potential [Eq. Fig.   2 . At zero attenuation two diffraction maxima are seen on the calculated curve up to 0=1.6 rad/sec. Attenuation removes the second maximum and makes the first much weaker, although the diffraction contribution to the slope of the -6A /A~vs Q curve remains considerable, in comparison with the attenuation effect. The curves in Fig. 3 were not calculated to higher angular velocities since the model is valid only if the core radius r, is smaller than b.
FIG. 3. Dependence of -hA/A~on Q, computed in the acoustic-wave theory for the core radius r, = 50 pm and for the experimental conditions of Fig. 1(a) , with H=0. 5 mT. The thick solid line is the pure diffraction contribution neglecting attenuation. The dashed and thin solid lines represent the total value of -AA /A j when attenuation inside the vortex core is increased by ha=0. 5 cm ' and by ha=1 cm ', respectively. The latter case should best correspond to the experimental data at H=0. 5 mT. Parameters employed in the calculation were bc/co--10 'and v=1. r,~g~c r: 1/H". On the other hand, the attenuation contribution to the slope, which may be determined in the case of a weak core potential from the effective-medium theory, is expected to be proportional to r,~g~~1 /H~. It is seen from Fig. 4 that the experimental curve for f =26. 8 MHz [data from Fig. 1(a) ] and for not too strong magnetic fields corresponds to the 1/H law rather well. However, the curve for f =44.7 MHz [data from Fig. 1 (b)], with the variation of attenuation at the xy plane about ten times stronger, lies between the 1/H and 1/H laws, corresponding to the diffraction slope and the effective-medium slope, respectively. It should be mentioned that the condition of Eq. (29) is violated because of strong attenuation when f =44.7 MHz. Thus the effect of diffraction can be clearly revealed only at f =26. 8 MHz [Fig. 1(a) ].
Using the experimental values of the slope at f =26.8 MHz and the theoretical expression of Eq. (25), one can find the core radius by a fit to the experimental data.
This gives values of r"not much different from the magnetic length g& (1. 4'~r ,~l . 8'), which confirms that the diffraction contribution to the experimental slope is strong, despite the fact that a maximum in the -5 A /Aṽ s 0 curves was not observed experimentally. In stronger magnetic fields, when H~Hd, we expect that r, =gd and that the slope should become independent of H. This explains the deviation from the 1/H law at strong fields (H~2 mT-Hd ), but the range of the experimental magnetic fields is not sufficient to follow perfectly such a crossover. The strong dependence of the diffraction signal on the core radius [the r, law, see Eq. (23)] makes a direct comparison with the experimental signal difficult: any inaccuracy, inevitable when determining r, is strongly amplified. Therefore, primarily we prefer to compare the power laws. As a second step, when the power law has been found, we compare quantitatively the values of r, from the theory of vortices with soft cores with the values of r, providing the best fit to the experiment.
In order to check how strong the effect of diffraction is on the linear slope of the curve -AA /A~vs 0 at small 0, the values of the slopes for the curves of Fig. 1 were plotted as a function of 1/H on a log-log scale in Fig. 4 . It is expected that the core radius r, does not differ substantially from the magnetic length gH= gdHd/H, if r, ' exceeds the dipole length g"= 10 cm. Such values of r, show that the experiment is better described in the case of a weak core potential and, according to Eq. (25), the slope due to diffraction should be proportional to 
koL Aco/co ))1 (35) The parameter hco shows the scale of the sound velocity variation within a vortex cell and Ar describes the width of the annular potential well for the sound wave. We assume that r and hr are on the order of b and increase linearly with it. We shall see later that for a large b the sound wave is localized at the bottom of the potential. This justifies the use of a parabolic form for the well, and Eq. (11) gives harmonics similar to eigenfunctions of the linear quantum oscillator:
q"=&2n + 1/l, Approximating the sum by an integral is valid until typical values of q=d ', contributinj. to the integral, exceed the distance -1/(ql )=QkoL(co/hco)/br be- '~, according to Eq. (37) , and increases (b, A /A~decreases) in proportion to v'Q.
With further increase of Q [b «(I/ko)+co/hco], the interference suppression effects disappear and~P~approaches unity. In this region the most important signal is due to the bulk attenuation, which may be determined using the effective-medium theory since the form of the wave is weakly modulated. This gives an 0 independent signal.
Comparing with the experiment, we should take into account that the relevant inequalities of our theory [Eq.
(35) above all] are not satisfied very well. The presented scenario assumes also that the potential well for ultrasound has a shape of the valley on the cylindrical surface of radius r . The deviation from cylindrical symmetry breaks this valley into a set of minima along vertical lines around the center of each cell in the vortex array.
Then our scenario only gives an averaged qualitative picture. The deviations are more important for the MH structure, since the surface of minima is close to the boundary of the unit vortex cell.
It is worth pointing out that the effective-medium theory, ignoring the wave guidance effects, predicts an Q-independent signal for straight vortices (see, however, discussion on attenuation for vortex loops in Ref. 9). The guidance is expected to decrease the attenuation suppression of the signal if the attenuation is weaker in the region of smaller sound velocity, as was the case in our experiment. This means that the attenuation-governed signal suppression, -hA/A~, increases with 0, unlike in the case of interference suppression. On the other hand, in accordance with the latter scenario, the signal b, A/Aj for zero magnetic field in Fig. 1(a) decreases while Q increases up to Q=3 rad/sec, where a phase transition in the I texture is suggested. But parameters of the coreless vortex in our experiment are not favorable for quantitative comparison. The quantity koL bco/co, assumed to be large in our analysis, is only 1.6 but, nevertheless, the region where a decrease inb, A/A~is expected lies around 0=1 rad/sec, as in our experiment.
IX. SUMMARY
A wave-acoustics theory has been developed for ultrasound propagating along vortices in rotating superfiuid He. Within this framework, conditions have been derived for the validity of the effective-medium theory and the geometrical-acoustics methods, which were used in earlier analyses of zero-sound propagation in a vortex array. It is shown experimentally that the difFraction phenomenon, which was not considered in those theories, contributes significantly to the magnitude of the effect of vortices on the ultrasound signal when the diffraction length is on the order of or larger than the core radius. A simple analytical model has been suggested to describe the effect of diffraction on propagation of ultrasound along coreless vortices.
The theory, as presented, still has a number of shortcomings, which can be overcome by more sophisticated models: (i) The theoretical investigations imply that the vortices in He-A are nonaxisymmetric, unlike those in our simplified discussion. The real vortex unit cell is also nonaxisymmetric. This weakness in the theory can be removed by including nonaxisymmetric harmonics into sound-wave expansions. (ii) A more realistic shape, instead of a steplike variation, can be introduced for the velocity profile around the vortex. (iii) In the experiment attenuation is rather strong sometimes, and the effect of u on the shape of the harmonic eigenfunctions should be taken into account as well.
